Abstract-Very simple explicit analytical expressions, which are able to describe the dispersion relations of collective modes in strongly coupled plasma fluids, are summarized. The accuracy of these expressions is demonstrated using the comparison with available results from benchmark numerical simulations.
I. INTRODUCTION
T RANSPORT and collective dynamics in strongly coupled plasmas is an important current research topic [1] , [2] with clear interdisciplinary relations (e.g., to collective motion in other condensed matter systems) [3] , [4] . It is particularly relevant for complex (dusty) plasmas, representing small charged particles immersed in the plasma medium [5] - [7] , because these are normally found in strongly coupled regime (due to strong electrical interactions between the particles) and naturally form condensed liquid and solid phases.
A very useful theoretical approach to describe waves in strongly coupled plasmas is known as the quasi-localized charge approximation (QLCA) [8] - [11] . The QLCA is based on the physical model, which suggests that for a substantial portion of their time history particles in a strongly interacting system are trapped and oscillate in the momentary local minima of the fluctuating potential (the so-called caging effect) [10] . In fact, the generic expressions of the QLCA approach can be traced back to the calculations of high-frequency elastic moduli and quasi-crystalline approximation (QCA) to neutral liquids back in 1960s [12] - [17] . Also, the same equations for the contribution from potential interactions between the particles come from the analysis of the fourth and second frequency moments of the dynamical structure factor [18] , [19] . In the following, we call this class of theoretical approximations as the QCA/QLCA formalism.
Within the QCA/QLCA formalism, the wave dispersion relations are explicitly expressed in terms of the pairwise interparticle interaction potential V (r ) and the equilibrium radial distribution function (RDF) g(r ), characterizing structural properties of the system. The generic expressions are very simple [16] , [17] 
where n is the particle number density, m is the particle mass, ω is the frequency, k is the wavenumber, and z = r cos θ is the direction of the propagation of the longitudinal wave. Here, ω L stands for the frequency of the longitudinal mode and ω T for that of the transverse mode. As displayed in (1) and (2), the dispersion relations within QCA/QLCA formalism are completely determined by the potential interaction between the particles. In related approaches (e.g., based on sum rules or generalized highfrequency elastic moduli), kinetic terms can naturally appear additively to the potential terms (3k 2 v 2 T for the longitudinal mode and k 2 v 2 T for the transverse mode, where v T = √ T /m is the thermal velocity) [13] , [15] , [19] . Shofield argued that these kinetic terms should not be included in the dispersion relation [14] . However, independently of whether included or not, the kinetic contribution is numerically small at liquid densities (i.e., at strong coupling). Since we focus on strongly coupled regime in this paper, in the following, we will use dispersion relations (1) and (2), completely neglecting kinetic contributions.
The RDF g(r ), appearing under the integrals in (1) and (2), can in principle be obtained from direct numerical simulations or from appropriate integral equations from liquid state theory. Nowadays, there are no principle difficulties in obtaining RDFs for a given interaction potential and at a required phase state point. Then, the integration in (1) and (2) can be performed numerically, which will yield the longitudinal and transverse dispersion relations for a given particle configuration. It has been recently shown, however, that to describe the long-wavelength portions of the dispersion curves, a very accurate knowledge of g(r ) is unnecessary [20] . The main idea is that since in the QCA/QLCA model the function g(r ) appears under the integral, an appropriate model for g(r ), even if it does not describe very accurately the actual 0093-3813 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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structural properties of the system, can nevertheless be helpful in estimating the behavior of dispersion curves. A very simple model form of g(r ), appropriate for soft repulsive interparticle interactions operating in plasma-related context, has been proposed in [20] - [22] . This RDF reads
where θ(x) is the heaviside step function and R is the distance of order of the mean interparticle separation. Physically, this trial form seems reasonable, because the main contribution to the long-wavelength dispersion corresponds to long length scales, where g(r ) 1. The excluded volume effect for r ≤ R allows us to properly account for strong coupling effects. Earlier, a similar RDF was employed to analyze the main tendencies in the behavior of specific heat of liquids and dense gases at low temperatures [23] . The radius R is generally not a free parameter of the approximation [20] , but can be determined from the condition that the model form (3) delivers good accuracy for the excess internal energy and pressure, which can also be expressed as integrals over g(r ) for pairwise interactions [19] , [24] . A simple analytical relation between the excluded cavity radius R and the coupling strength in Yukawa systems has been recently derived [22] . Combined with the fact that for the model RDF (3), (1) and (2) can be integrated analytically, this procedure results in very simple dispersion relations for strongly coupled plasma-related systems [one-component Yukawa systems along with the limiting case of the Coulomb one-component plasma (OCP)]. These fully analytical dispersion relations demonstrate high accuracy in the long-wavelength regime. Overall, tremendous simplification of the description of the waves dispersion relations in strongly coupled plasma-related systems has been reached. The purpose of this paper is to give a short summary of the approach discussed above along with a few related recent results. We provide new comparison, which documents again the success of the proposed approximation in the case of longitudinal mode. Regarding the dispersion relation of the transverse mode, we propose a simple procedure to account for the disappearance of the shear mode at k → 0 and the existence of the corresponding cutoff wave-vector k * , which are well-known properties of the liquid state, but cannot be accounted for within the original QCA/QLCA formalism. Overall, we report a tool which allows very simple and accurate description of collective modes in strongly coupled plasma fluids.
II. APPROACH
In the following, we consider Yukawa systems, characterized by the repulsive interaction potential of the form V (r ) = (Q 2 /r ) exp(−r/λ), where Q is the particle charge, λ is the screening length, and r is the distance between a pair of particles. The phase state of the system is conventionally described by the two dimensionless parameters [25] , which are the coupling parameter = Q 2 /aT and the screening parameter κ = a/λ. Here, T is the system temperature (in energy units) and a = (4πn/3) −1/3 is the Wigner-Seitz radius (3-D systems are considered here). When κ → 0, the OCP limit is recovered; however, neutralizing background should be added to keep thermodynamic quantities finite [26] . Yukawa systems are normally referred to as strongly coupled when 1. When reaches sufficiently high values, the fluid-solid (crystallization) transition takes place at = m (κ) [25] , [27] , [28] . A typical range for screening parameter in experiments with 3-D complex plasmas normally corresponds to 2 κ 6 [29] , [30] . The Yukawa potential is considered as a reasonable starting point (zero approximation) to model interactions in complex (dusty) plasmas and colloidal dispersions [6] , [31] - [33] . In this paper, we consider an idealized Yukawa fluid and neglect all types of collisions other than particle-particle electrical interactions. In the context of complex plasmas, collisions between charged particles and neutral atoms or molecules are present and usually represent an important mechanism of damping. This neutral damping effect can be relatively easily included in the QLCA formalism in an ad hoc manner [9] , [10] , [34] and we will not consider this further.
For the Yukawa interaction potential and RDF model of (3), the generic expressions for the QLCA dispersion relations (containing rather complex integrals [10] , [11] , [34] ) can be integrated analytically. This results in simple and elegant expressions for the frequencies of the longitudinal and transverse modes [20] 
and
where q = ka is the reduced wavenumber, ω p = 4π Q 2 n/m is the plasma frequency scale, and R is expressed in units of a.
The remaining step is to determine the radius R of the excluded volume cavity that should be used in calculations. A simple analytical expression has been recently suggested in [22] by equating the excess energy corresponding to the model RDF of (3) and the excess energy of the ion sphere model [35] - [37] . The result is
Note that this can be further simplified to R(κ) 1 + κ/10 in the regime of sufficiently weak screening. The excluded volume radius turns out to be independent of , because only the dominant (static) contribution to the excess energy is taken into account. The static excess energy per particle, normalized to the system temperature, is directly proportional to [35] , [36] , so simply cancels out when evaluating R. The set of expressions (4) and (5) combined with (6) represents a very simple practical tool to describe the dispersion relations of longitudinal and transverse modes in strongly coupled Yukawa fluids. Below, we demonstrate the high accuracy of this approximation by comparing it with the results from benchmark numerical simulations. Before we do that, let us just briefly summarize some recent results corresponding to the long-wavelength limit.
In the long-wavelength limit, (4) and (5) yield acoustic dispersion relations and the longitudinal and transverse sound velocities can be introduced
Within the discussed approach, we easily obtain
where the reduced velocities c L and c T are expressed in units of ω p a. (Note that C and c denote the dimensional and dimensionless sound velocities throughout this paper.) To get the sound velocity in units of thermal velocity, v T = √ T /m, one should simply multiply c L and c T by the factor √ 3. Two useful relations between c L and c T have been recently discussed (for more details, see [38] ). First, c L and c T are related to the reduced excess pressure p ex via
This is a general (independent of the interaction potential) property of the QCA model in both two and three dimensions [38] . In addition, the longitudinal and transverse sound velocities are related to the instantaneous sound velocity c ∞ via [4] , [14] 
This is very similar to the conventional relations for elastic waves in an isotropic medium [39] . The instantaneous sound velocity c ∞ appears to be rather close to the conventional thermodynamic (adiabatic) sound velocity c s [40] , [41] for soft Yukawa systems considered here. This has been recently documented [38] . Moreover, for such soft interactions, the strong inequality c L c T normally holds, which implies c L c ∞ c s . However, this is not the case for steeper interactions. In particular, the QCA/QLCA approach itself breaks down on approaching the limit of the hard sphere interactions [4] .
III. VALIDATION
We start with the OCP limit, corresponding to the unscreened Coulomb interaction between the particles. The dispersion relation of the longitudinal plasmon mode follows directly from (4) by taking the limit κ → 0:
Similarly, the dispersion relation of the transverse mode is Fig. 1 . Dispersion of the longitudinal (red) and transverse (blue) modes of the strongly coupled OCP with = 158. Symbols correspond to the results from MD simulations by Schmidt et al. [42] . The solid curves are plotted using (12) and (13) with R = 1.0. The dashed curve displays the modification to the dispersion relation of the transverse mode discussed in the text.
Note that the Kohn sum rule is automatically satisfied,
An approximate equation (6) yields R = 1 in this limit. A somewhat more accurate analysis, which takes into account specifics of the OCP, results in a rather close value of R = √ 6/5 1.09545 [20] , which is, however, not used here.
The longitudinal and transverse dispersion relations calculated with the help of (12) and (13) are plotted in Fig. 1 for a strongly coupled OCP state point with = 158. The symbols correspond to the results derived from MD simulations by Schmidt et al. [42] . The agreement is very good, except the initial (small q) portion of the transverse dispersion relation.
We should remind that the disappearance of the shear mode at q → 0 and the existence of the corresponding cutoff wave-vector q * are well-known properties of the liquid state, which cannot be properly described within the conventional QCA/QLCA formalism, because the damping effects are not included. We propose the following simple ad hoc procedure to improve the situation. In the long-wavelength limit, we expect from the generalized hydrodynamic consideration the transverse mode dispersion of the form [43] , [47] 
where τ R is the relaxation time. The proposed modification is to simply add the term −1/4τ 2 R to the left-hand side of the dispersion relation (13), or (5) in the case of Yukawa systems. In this way, the dispersion relation improves in the long-wavelength low-frequency regime. In the high-frequency regime, where ωτ R 1, this correction is negligible.
The relaxation time appears as a coefficient of proportionality between the shear viscosity η and the shear modulus G, η Gτ R (this is often called the Maxwellian relationship). In addition, the shear modulus is related to the transverse sound velocity via C 2 T = G/mn. Combining all this, we get
where the reduced shear viscosity is η * = η/ (mnω p a 2 ) . The values of η * have been repeatedly tabulated in the . Symbols with error bars correspond to the results from numerical simulations [43] , [44] . Solid curves are calculated using (4) and (5) along with the determination of R in (6) . The corresponding values of R appear in the bottom right corners (note that R 1 + κ/10 holds to a good accuracy). Dashed curves correspond to the dispersion relations of the transverse modes taking into account an ad hoc modification proposed in this paper. The values of 1/4τ 2 R ω 2 p were estimated using the procedure similar to that used in the case of OCP, with the values of η * taken from [45] and [46] .
literature [45] , [46] . The values of c T can be estimated directly from (9) . In doing so, we get 1/4τ 2 R ω 2 p 0.004 for the strongly coupled OCP at ∼ 160. The resulting transverse wave dispersion is shown in Fig. 1 by the dashed curve. The modification allows to describe the existence and (roughly) the amplitude of the cutoff wave vector q * , although the agreement with numerical results is not perfect.
It should be mentioned that the level of accuracy documented in Fig. 1 for the longitudinal mode should not be expected for weaker coupling. This is because the original QCA/QLCA model is not designed for this regime [8] and hence lacks accuracy. In particular, it cannot describe the transition from the positive to negative dispersion [48] , [49] at 10. Here, positive/negative dispersion refers to the positive/negative sign of dω/dq at q → 0 (note that in this sense, the dispersion is always negative within the original QCA/QLCA formalism). Useful modifications which allow to capture the onset of negative dispersion in OCP at moderate coupling have been recently discussed [50] .
Finally, we compare the results of calculations using (4)-(6) with the results obtained for the dispersion of Yukawa fluids using molecular dynamics simulations by Hamaguchi and Ohta [43] , [44] . This comparison is shown in Fig. 2 for four state points, located near the fluidsolid (freezing) curve. In all the cases, the agreement is impressive, especially taking into account the level of simplifications involved. The proposed modification to the transverse dispersion relation demonstrates considerable improvement over the conventional QCA/QLCA approximation, although some room for further improvement clearly remains.
IV. CONCLUSION
The main results reported above can be summarized as follows. Simple approximation for the RDF g(r ) has been used to derive analytical expressions for the dispersion of longitudinal and transverse modes in strongly coupled plasma fluids, based on the QCA/QLCA model. The accuracy of this approximation has been tested against the benchmark results from previous numerical simulations and a very good agreement has been documented. A simple procedure to improve the QCA/QLCA performance near the cutoff wave vector of the transverse mode has been discussed. Most of the results reported are unlikely limited to the particular shape of the interaction potentials (Yukawa and Coulomb) considered here, but should also apply to other classical particle systems with sufficiently soft interactions. This opens up exciting perspectives for interdisciplinary application of these results. 
